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In 1963, Lorenz \[[@CR20]\] introduced the following system of equations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \dot{x} = -10x+10y \\ \dot{y} = 28x-y-xz \\ \dot{z} = -\frac{8}{3}z+xy \end{array}\right. } \end{aligned}$$\end{document}$$as a simplified model for atmospheric convection. Numerical simulations performed by Lorenz showed that the above system exhibits sensitive dependence on initial conditions and has a non-periodic "strange" attractor. Since then, ([1](#Equ1){ref-type=""}) became a basic example of a chaotic deterministic system that is notoriously difficult to analyse.

A rigorous mathematical framework of similar flows was initiated with the introduction of the so-called geometric Lorenz attractors in \[[@CR1], [@CR15]\]. The papers \[[@CR24], [@CR25]\] provided a computer-assisted proof that the classical Lorenz attractor in ([1](#Equ1){ref-type=""}) is indeed a geometric Lorenz attractor. In particular, it is a singularly hyperbolic attractor \[[@CR23]\], namely a nontrivial robustly transitive attracting invariant set containing a singularity (equilibrium point). Moreover, there is a distinguished Sinai--Ruelle--Bowen (SRB) ergodic probability measure; see for example \[[@CR8]\]. Statistical limit laws, in particular the central limit theorem (CLT) for Hölder observables, were first obtained in \[[@CR16]\] for the classical Lorenz attractor and were shown for general singular hyperbolic attractors in \[[@CR5]\]. For further background and a complete list of references up to 2010, we refer the reader to the monograph of Araújo and Pacífico \[[@CR7]\].
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Theorem 1.1 {#FPar1}
-----------
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Remark 1.2 {#FPar2}
----------

In part (b), we obtain closeness of the variances provided the observables are close in $\documentclass[12pt]{minimal}
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Remark 1.3 {#FPar3}
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All results in this paper go through without change for continuous families of $\documentclass[12pt]{minimal}
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Our technique is based on first proving variance continuity for the corresponding family of Poincaré maps and then passing the result to the family of flows. The main difficulty in passing from maps to flows lies in the fact that the return time function to the Poincaré section is unbounded. A key step in overcoming this hurdle is to show that for any Hölder observable on $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^3$$\end{document}$ vanishing at the singularity, the induced observable for the Poincaré map is piecewise Hölder. Related results for various classes of discrete time dynamical systems can be found in \[[@CR11], [@CR13], [@CR19]\] using somewhat different methods, but there are no previous results for Lorenz attractors.

The paper is organised as follows. In Sect. [2](#Sec2){ref-type="sec"}, we recall the basic set-up and notation associated with (families of) geometric Lorenz attractors. In Sect. [3](#Sec5){ref-type="sec"}, we show how to normalise the families of flows to obtain simplified coordinates for the proofs. Section [4](#Sec6){ref-type="sec"} contains properties of one-dimensional Lorenz maps. Section [5](#Sec7){ref-type="sec"} studies the family of Poincaré maps. It starts by showing that the family of maps admit a uniform rate of correlations decay for piecewise Hölder functions, using suitable anisotropic norms. We then use the Green--Kubo formula to show continuity of the variance for the family of Poincaré maps. In Sect. [6](#Sec10){ref-type="sec"}, we prove a version of Theorem [1.1](#FPar1){ref-type="sec"} for normalised families and use this to prove Theorem [1.1](#FPar1){ref-type="sec"}.

Geometric Lorenz Attractors {#Sec2}
===========================

In this section, we recall the basic set-up and notation associated with (families of) geometric Lorenz attractors. In Sects. [2.1](#Sec3){ref-type="sec"} and [2.2](#Sec4){ref-type="sec"}, we recall the class of (families of) geometric Lorenz attractors considered in the paper.

We begin with some notational preliminaries. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U\subset {\mathbb {R}}^m$$\end{document}$ be open. Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,1)$$\end{document}$ and recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f{:}U\rightarrow {\mathbb {R}}^n$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^\alpha $$\end{document}$ if there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|f_j(x)-f_j(y)|\le C|x-y|^\alpha $$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in U$$\end{document}$ and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1,\dots ,n$$\end{document}$. (Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x|=\sqrt{x_1^2+\dots +x_m^2}$$\end{document}$ denotes the Euclidean norm on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^m$$\end{document}$.) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{\alpha }(f)$$\end{document}$ be the least such constant *C* and define the Hölder norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert f\Vert _{\alpha }=|f|_\infty +H_\alpha (f)$$\end{document}$. Then, *f* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{1+\alpha }$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Df{:}U\rightarrow {\mathbb {R}}^{n\times m}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^\alpha $$\end{document}$ and we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert f\Vert _{1+\alpha }=|f|_\infty +\Vert Df\Vert _{\alpha }$$\end{document}$. A family $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_\varepsilon $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{1+\alpha }$$\end{document}$ maps, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon \ge 0$$\end{document}$, is said to be continuous if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\varepsilon \rightarrow \varepsilon _0}\Vert f_\varepsilon -f_{\varepsilon _0}\Vert _{1+\alpha }=0$$\end{document}$. Similarly, we speak of continuous families of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^2$$\end{document}$ flows, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{1+\alpha }$$\end{document}$ diffeomorphisms, and so on. In the case of Lorenz flows, we are particularly interested in families of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^2$$\end{document}$ flows on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^3$$\end{document}$ restricted to an open-bounded region *U* of phase space; for convenience, we suppress mentioning the subset *U*.

Definition of Geometric Lorenz Attractors {#Sec3}
-----------------------------------------

There are various notions of geometric Lorenz attractor in the literature depending on the properties being analysed. Roughly speaking, we take a geometric Lorenz attractor to be a singular hyperbolic attractor for a vector field on $\documentclass[12pt]{minimal}
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The foliation by stable leaves for the flow naturally induces (see for example \[[@CR5], Section 3.1\]) a $\documentclass[12pt]{minimal}
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The final part of the definition of geometric Lorenz attractor is that the one-dimensional map *T* is transitive on the interval $\documentclass[12pt]{minimal}
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### Remark 2.2 {#FPar6}

The classical Lorenz attractor for the system of equations ([1](#Equ1){ref-type=""}) (and for nearby equations) is an example of a geometric Lorenz attractor as defined above. Except for *q*-bunching, the assumptions above are verified in \[[@CR25]\]. The *q*-bunching condition is verified in \[[@CR6], Lemma 2.2\]. (By \[[@CR4], Section 5\], the optimal value of *q* lies between 1.278 and 1.705; hence, we have $\documentclass[12pt]{minimal}
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### Proposition 2.3 {#FPar7}
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### Proof {#FPar8}
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### Theorem 2.4 {#FPar9}
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Normalised Geometric Lorenz Attractors {#Sec5}
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Lemma 3.3 {#FPar15}
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In the following sections, we prove Theorem [1.1](#FPar1){ref-type="sec"} for normalised families of geometric Lorenz attractors. At the end of Sect. [6](#Sec10){ref-type="sec"}, we show how results for normalised families imply Theorem [1.1](#FPar1){ref-type="sec"}.
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-----
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Variance Continuity for the Poincaré Maps {#Sec7}
=========================================

In this section, we prove the analogue of Theorem [1.1](#FPar1){ref-type="sec"} at the level of the Poincaré maps $\documentclass[12pt]{minimal}
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Proposition 5.1 {#FPar19}
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Uniform Decay of Correlations {#Sec8}
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We now verify assumption ([6](#Equ6){ref-type=""}) in Theorem [5.2](#FPar21){ref-type="sec"}.

### Lemma 5.3 {#FPar23}
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### Corollary 5.5 {#FPar27}
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### Proof {#FPar28}
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Variance Continuity for the Family of Two-Dimensional Maps {#Sec9}
----------------------------------------------------------
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### Theorem 5.6 {#FPar29}
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(The hypotheses of this result will be verified in Sect. [6](#Sec10){ref-type="sec"}. In particular, condition ([7](#Equ7){ref-type=""}) is addressed in Lemma [6.2](#FPar37){ref-type="sec"}.)

We first prove a lemma that will be used in the proof of Theorem [5.6](#FPar29){ref-type="sec"}.

### Lemma 5.7 {#FPar30}
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### Proof {#FPar31}
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### Proof of Theorem 5.6 {#FPar32}
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Variance Continuity for the Flows {#Sec10}
=================================
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Proposition 6.1 {#FPar35}
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Lemma 6.2 {#FPar37}
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Corollary 6.4 {#FPar41}
-------------
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-----
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